ARE DEFAULT CORRELATIONS TIME DEPENDENT? A
BAYESIAN APPROACH

CHRISTINA R. NIETHAMMER

ABSTRACT. In this paper we discuss if asset correlations in a Gaussian
one factor model are time dependent. Starting from S & P’s default
study, we examine a random factor loading type model (two correlations
for two stages of the economy) and a model with time dependent variance
of the common factor. As classical estimation is not very flexible, we
apply Markov Chain Monte Carlo methods: An approach proposed by
Wendin (2006) (Binomial approach) can be adopted to analyze a two
stage correlation model. However an extended version of this Binomial
algorithm becomes unstable in more complex models. We therefore
develop an asset value approach to handle e.g. time dependence in the
variance of the factor. Surprisingly, neither a two stage correlation nor
a time dependence of the variance of the factor can be detected from
loss rates!

1. INTRODUCTION

Constant volatility in the standard Black Scholes Model corresponds to a
constant correlation between different assets in the underlying portfolio of a
CDO - tranche. Option prices of different strikes yield different volatilities,
we have a volatility smile. Similar for CDOs, different tranches yield differ-
ent correlations, we have a correlation skew. Moreover in extreme market
situations (e.g. May 2005, so called correlation crisis) implied correlations
of certain tranches do not exist. To overcome these problems, so called base
correlations were introduced by Ahluwalia et al. (JPMorgan) (2004), i.e.
implied correlations of all equity tranches, e.g. for itraxx (CDO)-tranches
0-3%, 0-6% and so forth are taken. [Itraxx is an European index of 125
Credit Default Swaps of firms.] By interpolating these points, non stan-
dard tranches like 4-5% can be priced. An appropriate mapping for bespoke
CDOs (non standardized underlying portfolio) yields a price for such prod-
ucts. However, base correlations are not based on a model, many drawbacks
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are presented e.g. in Willemann (2004). Moreover, what is to do when simul-
taneously buying and selling two different tranches, if in addition there is a
not-linear dependency between the tranches. The trade cannot be divided
in two equity tranches. The base correlation concept again fails. A concept
called Random Factor Loading was introduced (see e.g. Andersen and Side-
nius (2004)). Essentially, one proposes two asset correlations, one for bad
and one for normal/good states of the economy (symbolized by a common
factor Y). A time dependence in correlations is introduced to extend the
number of degrees of freedom to better fit market prices.

In general one can ask, if asset or implied default correlations are time
dependent. Within the framework of Bayesian analysis, we discuss a ran-
dom factor loading approach as well as a time lagged stochastic volatility
model up on the common economy factor Y. Surprisingly, our empirical
study on historical loss rates does not yield any evidence for either model.
Clearly, this might be a consequence of rare data in credit risk in general
and one can claim to use stock market data or other macroeconomic data
to determine asset correlations. In fact, there are studies detecting time de-
pendence in equity correlations, see e.g. Buraschi et al. (2006) for a survey.
Moreover, Das et al. (2005) put some effort on calculating default correla-
tions from estimated intensity time series derived from equity data and some
other financial information. Again time dependent default correlations are
detected. Nevertheless, we think that loss rates are the natural source to
examine default correlations. So indirectly we include macroeconomic and
equity data as a driving risk factor on loss rates. In this version, we again
see no significant difference to our correlation study. The major difference
to the mentioned studies on equity time series is the data source, the time
intervals, and time horizon data. We conclude that in several model vari-
ants based on the Gaussian one factor model the information contained in
loss rates does not yield a time dependence in correlations of the unknown
underlying asset value process of the firms.

Finally, we give a short word on the applied Bayesian estimation tech-
niques. To account for relatively rare data and to cover more complex
models, we have to set up our estimation within a Bayesian methodology
and apply Markov Chain Monte Carlo methods (MCMC) for our estimation
procedure. By applying classical estimation techniques in Niethammer and
Overbeck (2008), we have already seen that it is difficult to gain intuition
how good our point estimator is, i.e. the extent of the corresponding model
risk on risk figures depending on their parameters is quite unknown. As-
ymptotic considerations or strong assumptions often have to be proposed
to derive confidence intervals in classical statistics. Moreover, in Nietham-
mer and Overbeck (2008) we see that the reliability is questionable, because
confidence intervals are valid for a large number of observations only. The
number of observed periods has to go to infinity although we barely get 25
periods. In particular for small default probabilities as the parameter comes
close to the boundary, the number of periods has to be amazingly huge.
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In contrary, Bayesian analysis automatically yields these desired confidence
intervals, because a whole distribution for parameters is developed provid-
ing much more information than a point estimate. A distribution of the risk
figures is implied. An asymptotic analysis of the estimators is not necessary.

Moreover, MCMC methods yield efficient methods to calculate maxi-
mum likelihood estimation when classical numerical methods are almost
intractable and flexible extensions are possible, e.g. a non Gaussian com-
mon factor or an incorporation of a prior belief can be included, updated by
the included data set. We compare classical estimation with a Bayesian per-
spective and the corresponding risk figures. At first we rely on a procedure
proposed by Gossl (2005); McNeil and Wendin (2006); Wendin (2006). They
present a similar methodology to include MCMC in credit risk models - in
the sequel called Binomial approach. We examine the binomial approach
and suggest extensions appropriate for our correlation experiment. As this
algorithm does not perform well in complex models, we propose a more
natural asset value algorithm. Essentially, we sample an underlying world
index. Autocorrelation within a Markov chain is reduced enormously and
in addition the algorithm is very robust to changes in initial values of our
Markov chains. In a simulation study, parameters are recovered in all con-
sidered models, whereas the Binomial approach fails to recover parameters
in more complex models.

The paper is organized as follows. We start with a review on Bayesian
methodology and Markov chain Monte Carlo methods (MCMC). Important
links to the literature are given. Simple examples are provided to prepare
an intuitive way to our new stable asset value algorithm. In Section 1.2, we
then show how classical maximum likelihood estimators can be obtained by
means of MCMC. A comparison to the estimators gained in Niethammer and
Overbeck (2008) is given. We review a general one factor model and confront
classical estimation with Bayesian methodology. In Section 1.3, extensions
to the Gaussian model are presented, in particular the two-stage-correlation
model. An empirical study on time dependence is performed. In Section
2, we suggest our mentioned asset value process, advantages are discussed.
Results on time dependent variances are provided on the basis of S&P’s
default study. Afterwards a sensitivity analysis is performed and a possible
extension to the multivariate case is introduced. Finally, we compare our
results on risk figures with classical methods as given in Niethammer and
Overbeck (2008).

1.1. A short Review of Bayesian Analysis. We start with the promised
introduction to Bayesian analysis and MCMC. In Bayesian Analysis, the
model depends on a random parameter vector # and the given data. Es-
timation is as follows:

(1) Specify prior beliefs p(#) about 6 (prior distribution, p(6))
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(2) Calculate posterior beliefs m by Bayes’” Theorem by inserting the
data:
L(Data|0)p(0)
0|Data) = L(Data|0)p(0
If @ is uniformly distributed, we obtain the usual ML-estimator by taking
the mode.

Remark 1.1 (Notation). In our simulation studies, we say that parameters
are recovered if their mode and mean is close to the initial parameter value
set in the simulation study. 0 =~ 2 means that the mean and the mode are
close to the fized number 2 set in the simulation study.

In some cases m can be calculated analytically, (if L and py are conju-
gate). In earlier days this was the only possibility to aim information about
the distribution of the parameters. Bayesian analysis was not very flexible.
Nowadays, MCMC methods solve this problem. Moreover, a clever calcula-
tion of ML-estimators is included. We give a short overview by following an
introduction given in Chib and Greenberg (1996).

The aim of MCMC is to construct a Markov chain (§)); with transition
kernel P and stationary distribution 7 (posterior distribution). From er-
godic theory, we then know that under suitable regularity assumptions (see
(Chib and Greenberg, 1996, Proposition 1)) for all initial values #(°) and
measurable sets A :

‘P(m)(9(0)7"4) - W(A)‘ - 07 m — o0 (1>

where P(™) is the m-th step transition kernel:
P (O, 4) = / PO, ds)Pm=1 (s, 4).

Suppose we have found an m such that P("™ is already close enough to 7.
Let’s say for all m greater than a burn in b. We can then calculate the em-
pirical distribution function from (™) 7 and other useful statistics from
the sample and analyze the approximate posterior. Often not every sample
after the burn in is taken because Markov chains can be quite autocorrelated
(autocorrelation adjustment).

The next assertion is important for calculating functions of our parameters
(e.g. risk figures): for all m-integrable real valued functions f and a Markov
chain ()); with stationary distribution 7 we have

Y500 [ o)), m . )

Our risk figures are functions, say f, of default probabilities and correlation.
That means if the function f is sufficiently integrable and our parameters
pr, kK =1,..., K and p are consistent, then the risk figure is consistent as
well.
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There are two main algorithm to generate such a Markov chain. Besides
the so called Metropolis-Hastings algorithm (see e.g. Chib and Greenberg
(1995)), Gibbs sampling is applied. In fact, Gibbs Sampling is a special
case of the MH-algorithm. Moreover, many combinations and further de-
velopments were introduced, e.g. we will come back to Adaptive Rejection
Metropolis Sampling, short ARMS-algorthm, see Gilks et al. (1995) for a
detailed introduction. We could now start to introduce several methods and
argue which algorithm performs best. Actually this really much depends on
the special situation. As we almost exclusively work with Gibbs-Sampling
(except from ARMS), we refrain from such a discussion and refer to e.g.
Lancaster (2004); Gamerman and Lopez (2006). Assumptions for the con-
vergence of the MH- and Gibbs-sampling are given in Chib and Greenberg
(1996), see also Jones (2004). We only state conditions for the convergence
of the Gibbs-Sampler in Proposition 1.1 as we focus on Gibbs Sampling
next.

We continue with Gibbs-Sampling of a Markov chain ());. The corre-
sponding transition kernel for Gibbs Sampling possesses a density pg :

d
pG(Q’f) = H ﬂ-(fk‘gl) "'75143—17 ek-‘rlu ceey 0d)7 0= 9(2)7 5 = 9(i+1)
k=1

The algorithm then works as follows:
(1) Potentially block ¢ appropriately in 0=(01,..,0,), a<d,
€.g. (01792) = ((elaeg)’03) B B
(2) Specify starting values §(©) = (0&0), o 0((10)), set i =0
(3) Simulate

égiﬂ) from w(él\ééi),..,ég),Data)
égiﬂ) from 7 (6 \égiﬂ), ééi), .09 Data)

00+ from W(éalégiﬂ),égﬂ), ity Data)

s Vg—1 >

(4) Set i=i+1, if i +1 < I, go to step 3, where I is the number of
iterations.

09 is then a sample of the jth step transition of the Gibbs Sampler P((;]) (9(0), ),
j =1,...,1. For i large enough (i > b =burn in), 0 is then by Equation
1 approximately a sample of 7(f|Data) = w(6|Data). m(6|6a, ..,04, Data)
are called full conditional distributions. These are usually easier to sam-
ple as the unconditional posterior distribution 7 (61, ..., ,| Data). The above
mentioned suitable conditions for the convergence of the Gibbs Sampler (i.e.
Equation 1/2) are given in (Chib and Greenberg, 1996, Proposition 2):

Proposition 1.1. Let a data set - Data - be given. Suppose that the fol-
lowing conditions are satisfied:
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(1) m(8|Data) > 0 implies there exists an open neighborhood Uy with
0 € Uy and an € > 0 such that for all ¢ € Uy, n(¢|Data) > € > 0.

(2) [ (0| Data)dby is bounded.

(3) The support of 8| Data is arc-connected.

Then Equation 1 and 2 hold.

We will see that all assumptions trivially hold in all our algorithms as long
as prior distributions are sufficiently smooth because |Bin(-)| < 1.

As Gibbs Sampling is essential for our further analysis, we give a simple
regression example. Afterwards, we expand the example by assuming the
dependent variable is a Bernoulli variable driven by an additional variable
(the dependent variable from the first example). In the estimation proce-
dure this additional random variable is sampled given the original regression
parameters and the Bernoulli data. Estimation of the original parameters is
then performed given the additional variable as in the first example. So in
principle, there is a close connection to credit risk. In Section 2, we apply
this idea. The asset value process X is the additional variable and can be
sampled given the common factor y, the correlation p, and the (default)
data (1,N). Gibbs Sampling assumes in every other step that the remaining
parameters are known, e.g. X the asset value process is known when sam-
pling y and p. Estimation of p and y given the asset value process X boils
down to the simple regression example. Afterwards X is then again sampled
given p,y, and (1,N) and so forth. So the Bernoulli or Probit example can
be seen as a toy example for the later algorithm:

Example 1.1 (Simple Regression Example). Assume the data (§;,Z;)j<n
follow the model:

)v(j:ﬁf/quej, e; ~N(0,0%), 0> >0

To perform Bayesian analysis we need a prior information about 3 and o?.
The prior of B is set normal with mean By and variance bal, where By and
bal have to be known in advance. An inverted gamma distribution is a
common choice for a prior on 0?: 0 ~ IG(wg/2,00/2). We further assume
independent prior information, i.e. the joint prior of (3,02) is equal to

I (8180, by ) fra(o®|wo /2, 80/2).

The posterior is then given by (up to a normalizing constant)

m(8,0°%,§) o< far(B1Bo, by ) fra(o® wo/2, 60/2)0™ exp | — Z — B1;)?

=1

The full conditional distributions can be derived analytically, see e.g. (Gamer-
man and Lopez, 2006; Lancaster, 2004; Chib and Greenberg, 1996):

wo +n (50+5n>

2 2w ~
BIE, §,0% ~ N(B, (bo+ 072> 57) 7" Oll‘,y,ﬁNIG( R
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where

b0+0 2Zy] bO/BO'i‘O' Zij] Op = Z(f] _6gj)2‘

At ﬁrst bg, 6o, Bo, and wo have to be chosen. The corresponding Gibbs sam-
pler then works as follows

(1) No blocking: 0 = (3,02) in 0 = (8,02%), a=d =2
(2) Specify starting values 50 and (62)©) seti =0
(3) Simulate

8O from  fe <m6<<02> 000+ oy 25 )

wo +n 0y + 5n(5(2+1),ﬂ)
2 2

(@)D from fig <o—2|

(4) Set i=i+1, if i + 1 < I, go to step 3, where I is the number of
iterations, otherwise stop.

As mentioned samples are usually quite autocorrelated, we only take every
ath sample starting from a burn in b. Assume there exists an m such that
I =b+ma. We then consider (ﬂ(i), (02)(1)) fori="bb+a,b+2a,..,1 asa
sample of the posterior distribution 7(3,0%|%, 7). The mode of this sample
is then approximately the maximum likelihood estimator of the regression
equation. Alternatively, one can sample several chains with different initial
values and take the first sample after the burn in.

In this simple example, we obtain a Gaussian full conditional distribution
from which we can easily sample. Later on, if full conditional distributions
are non standard, this is replaced by an algorithm called ARMS (Adjusted
Rejection Metropolis Sampling, see Gilks et al. (1995)).

Example 1.2 (Simple Probit Example). Recall, in a Probit model, we are
given data (hi,g}i) where the model is reproduced by the following equation

X;=YiB+¢j, ¢; ~N(0,0%), H =1 <o

If)z' = & were known, we could apply the results from FExample 1.1 without
knowledge of h: Blz, g 4 Bz, g, h. We do not know X, but given 3, B,Qj we

can derive its distribution:
s TN _oo0)(Bij,02) if hj=
Fhayvﬁ :{ (=00.0) ~]’ . b
sC 330 BY = TNy (855, 0%) i

where T/\f(mb) denotes the normal distribution truncated to (a,b). f; denotes

the density of F;. The trick is to sample X in addition. So we could also
replace the normal distribution of € by another distribution. We obtain the
following algorithm with X = (X1, ..., Xp):

9]

(1) Blocking: 0 = (3,02, X1,....Xn) in 0 = (8,02, (X1,.... X)), a =
3,d=n+2
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(2) Specify starting values 59, (62)©), and X( ), j=1,..n seti=0
(3) Simulate

FUFY - from fN(ﬁm(X{”,..., X0 (oo + oy 2295 )

wo +n 50 + 5n(ﬁ(l+1)a (l)a y))

(02)(z’+1) from frc <02| R 5

X fom f(fhy g5, 89D, (0%)FD) for j = 1,.m

(4) Set i=i+1, if i + 1 < I, go to step 3, where I is the number of
iterations.

Taking again the mode of B and o? gives the ML-estimator. Sampling is
very easy, no complicated full conditional distribution is involved. We do
not have to derive or sample from the full conditional, here ofﬁ'

p(Blo2 k) o fia(o*wo/2,50/2) (5150, by Hq) (B3; /o) (1 q)(ﬁgj/a))kﬁj

o< far(BlBo, by H@ (Bij; /o) (1 @(ggj/g)) —h

In addition, one gains an estimator for the latent variable! So one knows
how close a switch from 0 to 1 actually is!

In the next section, at first we start by directly sampling the parameters
of the loss distribution without sampling the asset value process X. This
was originally suggested by Gossl (2005); Wendin (2006). Later on X will
symbolize the unknown asset value process X.

1.2. Comparison in a One Factor Model. The advantage of the Bayesian
approach is that it can be easily extended to more general distributions,
whereas e.g. the moment estimator (BO) in Bluhm and Overbeck (2003)
breaks down if the distribution changes or even if we want to estimate one
asset correlation over the whole portfolio not depending on rating classes.
The latter makes sense as correlation usually does not depend on the rat-
ing class. Classical ML-estimation (ML-MCMC indexed by MCMC) with
respect to the likelihood L = P, , is slightly more flexible (see (4) below).
We have to integrate over Y. Consequently, numerical methods have to be
used. However, if the distribution of the common factor ¥ becomes com-
plex, numerical estimation is almost intractable. In a Bayesian approach
both problems, numerical evaluation of the classical estimator and more
complex distributions, are solved by simultaneously sampling the latent fac-
tor . The trick here is to additionally estimate the latent variable y by
including it into the parameter space. Then the obligors are independent of
each other and the integral over y does not have to be evaluated. We con-
sider 7(y1, ..., Yn, PA, .-, PCCC, P, |, N). Note, y is not the asset value process.
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y can be compared with § (but unknown!) and not with X from Exam-
ple 1.2. We next recall the Gaussian framework and compare classical and
Bayesian estimation.

1.2.1. Model. We formulate the model slightly more general: as usual on a
one year horizon the asset value of firm ¢ at ¢ is given by

X@t:\/ﬁ}/t—f— 1_pZi,t7 1= 1,..,Nt, t:].,...,’rl

where p € (0,1), Y, i F,and Z;; % @ and F and G distribution functions.
If F = G and F stable under convolution (denoted by F'), we have

D = Fﬁl(pi,t) = Fﬁl(pRj) =: Dj, (3)

where firm ¢ is in rating class R; at ¢, and pg; the constant default proba-
bility of rating class I?;. We have

P(asset i defaults at t|Y;) = P(Xi: < Dis|V3) = pjy,

D—\/EY%
:>pj‘yt = G< j/l_p >

With the loss indicator L; sy, = Zﬁftki,t:Rj 1(x;,<D;|v;), We obtain:

K

Py (L1t =1ty Licy = Ui oY) = H Bin(NRg; t,Djv;» (R t)
j=1

K
Pp7p(L17t = llﬂf? veey LKJ = lK,t) = /H Bin(NRj,t,pj‘yt, leyt)dF(yt) (4)
j=1

where N; := (N1, ..., Nk,) represents the number of companies in one rat-
ing class and Iy := (L1 ¢, ..., [ +) the number of defaults in these rating classes
taken from S&P’s default study (the study provides the number of obligors
and defaults in the rating buckets A,BBB, BB, B, CCC). As already men-
tioned a numerical treatment of classical ML- estimation (ML-MCMC) is
difficult already for the standard normal distribution, F' = ®. If Y; assumed
to have an arbitrary distribution, optimization can be become infeasible.
Bayesian algorithms offer a smart alternative for every distribution:

1.2.2. Estimation. Estimations works as follows. Prior distributions of p
and p are set to be uniform on [0,1]. The prior distribution of y; depends
on the assumption on F, we make on Y; in the one factor model, so e.g.
set F' = ®. We then generate samples from 7 (p, p,y|l, N): (p®, p() y (@),

i=burn,..., Iterations=I by Gibbs Sampling. For a large enough burn in, the
I —burn x 2-vector (p(i), p(i))i, is then approximately a sample of 7(p, p|l, N)
and taking the mode of (p(i), p(i))i, is by definition a good approximation of
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the ML- estimator:
R
Hrl)%XHPp,};t (L1 =1y s Licy = lgct)
Tot=1

K

F .

Pp,},;t (Ll,t = ll,ta ey LK,t = lK,t) = / H an(NRj,tapﬂyt’ le,t)dFYt (yt)
Jj=1

for an arbitrary distribution Fy, with density fy,. As (Y;) are iid, we have
f = fy, for all t. The algorithm works because for a constant C' > 0 we
obtain:

. H?:l Hszl Bm(NRj,t,pﬂyt, le,t)f(yt)
f H?:l Hjil Bin(NRj,bpj\ytv le,t)f(yt)d(pa Ps y)

7(p, p,y|N,1)

n K
= wp. N =C [ TTTLBin(Ni, . pye b ) i)y
t=1j=1

n K
Yi~iid .
- m(p, p|N,1) = CH / H BZ?’L(NRﬁt,pj‘yt, leJ)f(yt)dyt
t=17 j=1

n
Yi~iid
t:>” 7T(p, p|N, 1) = CHPI;Z:p(Ll,t = ll,t, --~,LK,t = lK,t)
t=1

by Fubini’s Theorem and Y; iid. All conditions of Proposition 1.1 are sat-
isfied, because |Bin(-)] < 1. Sampling from 7 can be performed by Gibbs
Sampling. Changing the prior does not matter as long as all prior densities
are differentiable.

Next note, in practical implementation the algorithm seems to improve if
the threshold D is sampled instead of p. This works as follows. Assume F' =
G and F is stable under convolution, e.g F'= G = ®. So the distribution of
Y stays in the same class and can be calculated say F. We have p = F(D),
e.g. p = ®(D). To obtain the same result we have to change the prior
correctly. By the transformation theorem and because the prior density of
P, fp, is uniform and independent over all rating classes, in the Gaussian
case we obtain the following prior distribution of D for every j =1, ..., K:

fo(D;) = f,(®(D;)) |22

iD;| ~ 1¢(Dj).

In general we have to replace ® by F' and ¢ by the derivative of F, provided
it exists. Finally, sampling from the posterior

n

7(D, p,y|N, 1) HP(Lt = lt|Nt, D, p, y:)p(D)p(p) £ (y) ()
t=1
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with likelihood

a Dj —/py
. ) t
Pp ,(Ls = li|y:) = H Bin(Ng; t,Pjly,: IR 1) Pjlye = G ( ! > , (6)
e 3 J /T — D
priors
Dp, “ F, eg. N(0,1), j=1,... K, y “ F, p~U(0,1),

and setting p = F'(D) gives the same result as before. U(0,1) denotes the
the uniform distribution and note that U(0,1) = B(1,1), where B(a,b)
denotes the beta distribution.

Roughly speaking, priors leading to an ML-estimate are called “uniforma-
tive priors”. In fact, one has no idea where the parameter might be in the
parameter space. The probability of the parameter p or pg; is set uniform
over the parameter space (0,1). We know however that pg, is greater than
PR, when Ry is the better rating. So taking in mind that modes of the
resulting Markov chains are no longer ML-estimates, Bayesian methodology
further gives the possibility to include an “informative” prior belief into the
estimation:

iid iid ~
PR; ~ B(ajab]) resp. DR]' ~ fD(ajabjaF)
iid .
or Dpg, ~ N(uj,ajz-), ji=1,..,K
w X F(eg N(0,1)/NIG®)), t=1,...,n,
p o~ B(aab)

where fp(a;,bj, F) = fB(aj,bj)(F(D))|f(D)|. a; and b; are supposed to be
implied by a certain preinformation on p;. A potential method to obtain
this information is discussed next.

A natural idea to impose such a preinformation is to derive default prob-
abilities from equity time series by applying an asset value model, see e.g.
Bluhm et al. (2002). Moody’s KMV! (henceforth KMV) exactly does that
by issuing a number called ezxpected default frequency (EDF). Although the
exact way of calculation is not published by KMV, theoretically KMV-
EDF's can be calculated every day from 1981-2005 as in S&P’s default study.
Whereas default rates provide a single data point per year only, equity time
series offer large data sets over the last years. In fact, apart from poten-
tial problems concerning the availability of those KMV-EDFs, KMV-EDFs
from 1981-2005 would just present a competitive method to calculate default
probabilities for this period. So imposing a preinformation more related to

LCredit Monitor, CreditEdge, CreditEdge Plus, CreditMark, DealAnalyzer, EDFCalc,
Private Firm Model, Portfolio Preprocessor, GCorr, the Moody’s KMV logo, Moody’s
KMV Financial Analyst, Moody’s KMV LossCalc, Moody’s KMV Portfolio Manager,
Moody’s KMV Risk Advisor, Moody’s KMV RiskCalc, RiskAnalyst, Expected Default
Frequency, and EDF are trademarks owned by of MIS Quality Management Corp. and
used under license by Moody’s KMV Company.
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short-term-information seems to be more interesting. A prior belief over
the current development of selected companies can be included provided
KMV-EDFs exist. In particular, this is possible for traded companies only.

In detail, suppose a bank might have bought KMV-EDFs for their listed
companies weekly x years before the day they like to analyze their portfolio.
A calibration of a; and b; to these KMV-EDFs, then includes an own port-
folio information from the latest x years into the estimation of the default
probability p;.

Finally, to actually obtain a; and bj, j = 1, .., K, we randomly choose a
sufficiently large number of companies from every rating bucket (AAA-CCC)
over a time horizon of three years (here weekly in the years 2004-2006) and
build the average ;1; and the standard deviation o; of KMV-EDFs in every
rating class.? Afterwards the implied parameters a; and b; are established
as follows:

We know that
a;b;

aj+bj’ ‘ N (aj+bj)2(aj+bj+1)’ (7)
where
X ~ B(aj,b;), aj >0, b; >0 (8)
and so )
a; = (12— Mglﬂ]l;qj, bj— I—Hja] (9)
o7 +aj(7,]) I

To guarantee positivity of a; and b;, we assume 032- < pi(1 — py). This is
satisfied in all cases, we consider, see Table 1.

Rating class 1 o? w(l — p) a b

AAA 0.0002 | 3.99E-08 | 2.00E-04 | 1.0020 | 5009
AA 0.0007 | 1.93E-06 | 7.00E-04 | 0.2531 | 361.3
A 0.001 | 4.98E-06 | 9.99E-04 | 0.2000 | 199.8
BBB 0.0014 | 6.295E-06 | 0.0014 | 0.3100 | 221.1
BB 0.0066 | 1.40E-04 | 0.0066 | 0.3043 | 45.79
B 0.0242 | 8.79E-04 | 0.0236 | 0.6419 | 25.88
CcCcC 0.0779 | 5.57E-03 | 0.0718 | 1.0115 | 11.97

TABLE 1. Priors via KMV-EDFs

Interestingly the obtained “pre”-default probabilities are a lot tighter than
usual. This might depend on the chosen period and/or the random choice
of the considered companies. As company names cannot be stated here, we
refrain from a further interpretation.

2Asa KMV-EDF is a commercially distributed product, the applied procedure is there-
fore chosen such that no link to an actual KMV-EDF of a particular company can be
drawn. Further details about the considered portfolio cannot be published here.
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1.2.3. Bayesian Estimation: Binomial Gibbs Sampler. For a better under-
standing of the algorithm, we present a simple example, how estimation
works in McNeil and Wendin (2006)/Wendin (2006):

(1) 0 = (Da,DpB,p,y1s--yY5), seti=0
(2) Set D@ = (0.50.5), p@ =0.1, (y1,...,45)? = (012 — 0.5 — 1)
(3) Simulate

DX—FU from ﬂ-(DA|Dg)B7p(Z)7y§Z)7Myf()Z)al’N)
Dg—gl) from W(DBB|DX+1)p(i),y§Z),...,yéz),l,N)

y Y from w(ys| DYV D Y Y LN
(4) set i=i+1, if i + 1 < I, go to step 3, where I is the number of
iterations.

For 7 large enough (i > b =burn in), #%) is approximately a sample of the
posterior function w(D, p,y|l,N). Full conditional distributions of = are
derived as follows. As a function of ys, (e.g. y1) given D, p, N, 1:

n K
w(ysD,p, N1 o< [T 11 Bin(Ne,.t:piiy, L, 1) p(D)p(p) £ (v)
t=1 =1
K
x HBin(NRj,s,pﬂys,p,pRj’le,S)f(yS) (10)
j=1

where f(ys) = ¢(ys) and

Pily(ys) = @ <l)j)1_—f5?j> (Ys) =1 Djlya.p,D;- (11)

Samples from the non-standardized density 7(ys|D, p, N, 1) can be drawn by
ARMS-Algorithm, see also McNeil and Wendin (2006)/Wendin (2006) and
Gilks et al. (1995). Analogous derivations yield full conditionals for p, p,
and all other y;. In a general framework, we increase 5 to n, and include the
remaining rating classes.

1.2.4. Comparison in a Gaussian One factor model. Suppose we stay in
a Gaussian framework. We can then summarize that we have already dis-
cussed three different estimators. The classical ML-estimator is derived from
the likelihood (6) by applying Markov Chain Monte Carlo methods, denoted
by ML-MCMC and the two estimators discussed in Niethammer and Over-
beck (2008): in an infinite granular model, the ML-estimator (ML) can be
solved analytically; the moment estimator (BO) can be derived semianalyt-
ically (we need to solve an equation for p). For better comparability, we
calculate the ML-estimator in an infinite granular model also with fixed p
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determined by the moment estimation:
P vl—ﬁkz(pq It
K mn P Nk,t ’

where p = ppo. This estimator is denoted by MLp. In addition, we can
change priors of e.g. p(p) = B(9,90) (i.e. the distribution is quite symmetric
and the mean of the prior is 0.091). We introduce B as an acronym.

Estimators obtained from S&P default study (2006) are shown in Table 2.
ML-MCMC and B are calculated as the mode of the Markov Chain obtained
from the above Gibbs-sampler. For a comparison, we also display the mean
for the ML-estimator (ML-MCMC).

0 mean(MCMC) [ ML-MCMC | B BO | MLp | ML

poce 0.2754 0.2686 | 0.2681 | 0.2292 | 0.2073 | 0.2334
P 0.0589 0.0555 | 0.0561 | 0.0512 | 0.0526 | 0.0519
PBB 0.0134 0.0111 | 0.0123 | 0.0117 | 0.0099 | 0.0134
PBBB 0.0036 0.0029 | 0.0031 | 0.0027 | 0.0015 | 0.0033
pa 0.0006 0.001 0.001 | 0.0004 | 0.0004 | 0.0004
p 0.0955 0.1012 | 0.1012 | 0.0966* | 0.0966* | 0.1805*

Sample size=20000, burn in=1000, autocorrelation=a=2.
*=this number is the average of the p over all ratings classes.

TABLE 2. A comparison of estimators in the Gaussian one
factor model

Finally, Figure 1 presents a comparison of the Bayesian estimator B and
the moment estimator BO w.r.t. the common factor estimation. For the
Bayesian estimator we take the mean over the posterior of y. The graph for
the ML-estimator (ML-MCMC, a = 1, b = 1) is quite similar to the Bayesian
estimator (B, a =9, b = 90). The common factor for moment estimator ¥ is
obtained from the estimator (p1, ..., Px, f1, ---, P ) as in Bluhm and Overbeck

(2003), with g (s;) = ® (M)

V1=pi
n K l 2
N N . t,
S = arg min — gi(s

1.3. Bayesian Extensions: Random Factor Loading and Stochastic
Volatility. In a Bayesian framework it is now easy to build more com-
plex models. In particular, we want to discuss models including time de-
pendent correlation driven by the common factor y. McNeil and Wendin
(2006) /Wendin (2006) discusses ARMA processes (autoregressive moving
average, yy = ayi—1 + €) and the influence of macroeconomic factors (CF-
NAI3, an American activity index y; = BCFNAI; + ¢) on loss rates. We

3CFNAI= Chigago Fed National Activity Index can be downloaded from
http://www.chicagofed.org/economic_research_and_data/cfnai.cfm
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also implemented them, but there is no qualitative difference on our cor-
relation study, i.e. on the fluctuation of p. A further discussion including
industry indeces and equity time series is postponed to Section 4.

We restrict our consideration upon the Random factor loading, see below,

and the following Stochastic volatility model:

yilhe "N N0, €M), he — i = dnhet — un) + onue, ur = N(0,1)

where 1) = (un, ¢n,0n). In principle, we just have to exchange f(y;) by
p(yt]ht)p(htlzz). Several methods to sample h; given y; are described in
Kim et al. (1998). For sake of completeness, one can additionally set
Ziy|hat ~ N(0,¢eh2t), where hg, is independent of hy; := hy. A sampling
method (Kalman filter and simulation smoother of de Jong and Shephard
(1995)) is described in Chib et al. (2002) and Chib et al. (2006) in the
multidimensional case. In their multi factor model, hy; drives stochastic
volatility whereas hi; drives stochastic correlation.

We think, the latter model is too overloaded for the considered model. Not
least as we assume that our variance is standardized to 1. We therefore stick
to a time dependent variance of y only. We postpone the stochastic volatility
model to Section 2, where we also introduce a new (asset value) algorithm.
This algorithm is more stable and therefore yields more reliable results.
Although random factor loading works well with the Binomial algorithm:

1.3.1. Random Factor Loading: Two State Time Dependent Correlation?
We start with the model. Correlation is set dependent on the common
factor

~J opr ity > level
pelyr = { pr if 1y <level (12)

with full conditionals:

n K
ploaD,y, N1 o< [ ] Bin(Nje pijye e Lit)P(D)p(pe)p(y)
t=1j=1

K

t: yr<level j=1
similar for py, and so

Pgl) = 1yt§levelp5'-? + (1 - 1yt§level)p%)7
where ¢ denotes the ith iteration.

In the following S&P loss rate example we set level= —1. That ensures
that enough yt(l) are below the level to update py. We perform three sim-
ulation studies (2 x data, simulation: 1 x 1-to-1 test). We set I = 100000.
The prior on p is chosen to be uniform over the interval [0, 1]. Moreover, we

face the following set up:
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(1) Data: S&P default study

Model: two regimes of p, (pr, prr), B(1.5,6) prior on py with mean
0.2, and iid Gaussian prior on y;. Firstly we take the same prior on
pr as on pg. Secondly, we choose B(9,90) with mean 0.0909.

(2) Data: S&P default study

Model: two regimes of p, (pr, pr), B(9,90) prior on py and pr, with
mean (.09, and iid Gaussian prior on y;.

Optionally an observed factor CFNAI or/and an AR(1) on y are
included.

(3) Data: simulated data with p;, = 0.08 and pg = 0.25.

Model: model and priors are chosen as in 2. Optionally, we simulate
an observed factor saison=4/AR(1) process, otherwise y; is set iid
normal.

We obtain the following results. By plotting the chains of the parameters,
convergence is approximately reached after 4000 iterations. Convergence
of pg takes a bit longer. All included options give no significant different
results. In detail, we get:

0 prior mean | prior sd. | post. mean | post. sd. | tendency

pr (la. S&P) 0.200 0.1372 0.09433 0.03354 | py <prior
pr (la. S&P) 0.200 0.1372 0.09350 0.06103 | pg <prior
pr (1b. S&P) 0.091 0.0939 0.08735 0.02156 | py <prior

pr (1b. S&P) | 0.200 0.1372 | 0.09321 | 0.05673 | pyr <prior
oL (2.5&P) 0.091 0.0939 | 0.08472 | 0.02072 | py <prior
pr (2.8&P) 0.091 0.0939 | 0.08352 | 0.02388 | py <prior
pr (3.Sim) 0.091 0.0939 | 0.07770 | 0.01480 | py <prior
pr (3.Sim) 0.091 0.0939 | 0.20310 | 0.02540 | py >prior

In all studies we impose a normal prior N(0,1). No observed saisonal factor or AR-process is included.

TABLE 3. Prior analysis: a comparison

In study 1, py,, (here the mean of P,® is meant see Remark 1.1) fits
t

l¢/Ny reasonable, but a bit worse than in study 2. In addition, data show
a tendency to a decreasing pp. The mean of py suggested by the prior is
not confirmed, it decreases from 0.2 to 0.09. There is no much impact if
the prior on py, changes. The standard deviation using the second prior is
naturally smaller as the first prior. It seems that the latter prior fits the
truth better than the first one.

In study 2, the mean of 280 fits 1;/N; well. ppg stays around the prior

belief (no tendency to a higher py than imposed by the mean of the prior
distribution). There is no significant difference to pr,. If y has a AR(1) prior
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or if CFNALI is excluded, we get the same stylized fact as for an iid prior,
ie.a=01in ¥y = ay—1 + €.

Our simulation study, (3), confirms the results of study 2. All param-
eters are recovered, independently if (prior of) y is an ARMA processes or
driven by a seasonal component. Loss rates are fitted very well. But pg and
pr, are close to 0.25 and 0.08 (level -1). The deviation from 0.25 is due to
the prior belief. The standard deviation is quite small and the mean 0.0909
is quite far away from 0.25. This fact is only completely ruled out when n
goes to infinity!

Summarizing, if there were a random factor loading in the data, the algo-
rithm would find two different p, although a prior belief suggest that p are
equal, see Table 3!

2. ASSET VALUE ALGORITHM

This section is devoted to a new Markov Chain Monte Carlo algorithm. It
is based on the same Gaussian one factor model as before, but also includes
stochastic volatility e” of the factor y, i.e. ylh ~ N(0,e"). A sensitivity
analysis shows that the algorithm is a lot more stable than the already
discussed Binomial approach. Stochastic volatility in the common factor
can be examined and is applied to S&P default study (2006). An idea how
the algorithm can be extended to a multi factor setting is presented.

2.1. AVA: Why Implementing another Algorithm? If the model be-
comes complex, in the above Binomial approach we face the following prob-
lems:

e Sensitivity to initial values (convergence takes very long, ARMS does
not perform well) and to the transformation p = ®(D)

e High autocorrelation within chains

e Stochastic volatility does not work well

We therefore develop a new Gibbs Sampler, called Asset Value Algorithm
(AVA). Autocorrelation within the chains is reduced essentially, see Figure
2. The algorithm is stable to examine cases with a complex time dependent
structure in loss rates, as stochastic volatility models:

2.2. Asset Value Algorithm (AVA). The essential device of AVA is to
include the unknown asset value process X in our considerations. The al-
gorithm is then more natural as e.g. equity and asset value process can be
compared, see Figure 12. As in Example 1.2, the main trick is to sample X
given p, y, and the data N, 1. Knowing X then carries sufficient information
to sample all other parameters p,y, D via a usual regression. In this step
knowledge of N, 1is not needed as we condition on X. In principle, we apply
the idea explained in Example 1.2 by setting X = X and y = y. However, we
build groups implying a switch from a Bernoulli to a Binomial experiment.
Furthermore, y is not known, it also has to be sampled. That is no problem,
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FIGURE 2. Autocorrelation within Markov Chains - a comparison
All variants are sampled without taking stochastic volatility into account,
denoted by (OSV). BIN is an acronym for the Binomial Gibbs-Sampler.
AVA-OSVOEW and AVA-OSVEW are the two model variants of AVA as
described in (14) and (15).

because in every step of the sampler we condition on the other parameters.
Technically, given the grouped X, the regression equation then exactly fits

into the multidimensional model given in Chib et al.

(2006). Full condi-

tionals can be calculated as described there, similar but a bit more general
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as in our example. We start defining a “rating class index”
Nigt

Xt = —Dg+ /pyr +/1—p Z o k=A,..,CCC

and a “world index”’

1 K

X = N, Z(Nthkt + Nu.Dy) = Xy = \/pye + /1 = pZ, (13)
=1
where N; = Zk:l Nig, Z; ~ N(0,1/N;). The algorithm then works as
follows:

(1

) Set starting values and number of iterations I, i = 0

(2) Simulation of p@® given X0~ h=D N (or also y(—1) )
(3) Simulation of y® given p@ pO-D N, x(-1)
(4) Generate h(®) given y(*)
(5) Simulation of D,(Cl) given X, (i-1 ) P, R N
(6) Simulation of X,g) given N, 1 y( ) p(z), R, ,Ef) and calculate X

(7) Set i =i+1,goto2ifi <[
In detail, with fx/(X|u, 0?) denoting the Gaussian density with mean p and
variance o2 we follow the following algorithm:

(1) Set starting value of ylEO), hgo),ng), D,(CO), k=1,...,Kfort=1,..,n

set 4 = 1, set maximum number of iteration I

(2) Sample p( using ARMS with full conditional distribution, similar

to Chib et al. (2006). We propose two alternatives:

variant 1 (OEW):

7

PP 1) o< plp Hf/\f Dot k1=t

t

or when the dlstrlbutlon of y; is purely prior, variant 2 (EW):

n

, (i i (-1 1
p(p®|X) o p(p) Hf/\/ 1) \\fyt 1) (1 — peha ﬁt) (15)
(3) Sample y) ~ N (ué’% (7)) where
) ) _ _pG=)
n) = (0D Dp(1 - p) T N XY, (16)
(02O = (p(1 = p) " Nee s i) a7)

with p = p(). This works as likelihood and prior are normal and
therefore conjugate.

(4) Generate hgl) given yt(l), t =1,...,n using Kim et al. (1998) (for
hat = 0 one could use Chib et al. (2002) but that is not done in our
study).



ARE DEFAULT CORRELATIONS TIME DEPENDENT? 21
(5) Sample D,g),k ., K as follows

1,.
L @ 1
( |X O(pDkH 7J1)|—kaelt—|-(1— )h2t

Ntk:)
with p = p. If p(Dy) = I (pg, 02), sampling without ARMS is
possible (We face conjugate distributions!).

(6) Generate th (Zlk ! XD’“ + ZNk e XND’“) where

th

Xz’,tk’hta Py, D~ TN(_oo0)(—Dy + /Py, €"2(1 = p))

Xi],\;,Dk’hta Py, D~ TN{g,00)(—Dy + /pys, €"2(1 = p))

with h; = hgl), p=pD y = ygz), Dy = D,(;), and calculate Xt(z) given

n (13).

(7) Set i =i+ 1,if i < I go to step (2)

Note, in (2) the second method (OEW) performs best, correlation between
the chains is lowest. Derivation of the full conditional distribution in step
2 and 5 are straightforward as in the Binomial approach (BIN) before. In
step 3, the world index is known, we face a usual one dimensional regression
model. The full conditional distribution can be deduced from the multidi-
mensional regression model in Chib et al. (2006) or Chib and Greenberg
(1996, Example 3.1). Step 4 is described in Kim et al. (1998), we use (SV)
as a short hand if & is included, otherwise we set (OSV). Step 6 then works
as in Example 1.2.

Autocorrelation presented in Figure 2 does not change when including
stochastic volatility in AVA. However, for the Binomial approach we do
not obtain reasonable results. The increase in autocorrelation of AVA is
negligable whereas BIN shows an extreme increase in autocorrelation, when
including stochastic volatility.

2.3. Time dependent Stochastic Correlation? An Empirical Study.
We perform a second simulation study. We examine if the common factor
is generated by a time dependent variance.

2.3.1. Set up. Recall,

he = dnhim1 + opue, up S N(0,1).

We consider three studies. In the first study, we simulate a process repre-
senting the common factor including stochastic volatility. The second study
solely simulates a standard normal common factor. Both studies are sup-
posed to be compared with our data:

(1) Simulation of h with ¢5, = 0.5, o, = 1, y¢|he ~ N(0, )
(2) Simulation of h with ¢; =0, o, =0, so y ~ N(0,1), hy =0
(3) S&P Default study
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The aim is to find out, if (3) is closer to (1) or (2). (1) shall also show
that stochastic volatility is actually fitted. Clearly, as u is random and
yelhe ~ (0,e"), a smoothed fit of h is more than we can expect. Further
recall that n =25 :

2.3.2. Results. We set the number of iterations equal to 20000. A minor au-
tocorrelation adjustment is allowed for, depending on the single parameter.
A burn in of 10000 and an increase of the iterations brought no significant
improvement. Furthermore, omitting the autocorrelation adjustment shows
no major difference except in the Binomial approach. As parameter distri-
butions are quite symmetric (see Figure 5), we present parameter means:

Sim/Model CcccC B BB BBB A P)

S/real -0.4959 | -1.4466 | -2.0749 | -2.5121 | -3.0902 0.08

S(h=0)/SVEW | -0.4829 | -1.4472 | -2.0774 | -2.5154 | -3.0916 | 0.0552
S(h=0)/SVOEW | -0.4864 | -1.4411 | -2.0727 | -2.5088 | -3.0797 | 0.0681
S/BIN (chain 1) |-0.4646 | -1.4110 | -2.0330 | -2.4714 | -3.0253 | 0.0820
S/BIN (chain 2) |-0.4951 | -1.4118 | -2.0645 | -2.5031 | -3.0576 | 0.0802

S/OSVOEW -0.5044 | -1.4535 | -2.0837 | -2.5250 | -3.1147 | 0.0769
S/OSVEW -0.5066 | -1.4565 | -2.0865 | -2.5294 | -3.1263 | 0.0723
S/SVOEW -0.5210 | -1.4731 | -2.0884 | -2.5585 | -3.1498 | 0.0853
S/SVEW -0.5222 | -1.4770 | -2.0919 | -2.5656 | -3.1490 | 0.0793

D/BIN (chain 1) |-0.6018 | -1.5759 | -2.2334 | -2.7175 | -3.2580 | 0.0871
D/BIN (chain 2) |-0.5981 | -1.5726 | -2.2294 | -2.7139 | -3.2553 | 0.0874

D/SVOEW -0.5863 | -1.5324 | -2.1801 | -2.6512 | -3.3829 | 0.0848
D/SVEW -0.5898 | -1.5360 | -2.1826 | -2.6594 | -3.3982 | 0.0772
D/OSVOEW -0.5930 | -1.5340 | -2.1847 | -2.6624 | -3.3955 | 0.0827
D/OSVEW -0.5943 | -1.5372 | -2.1875 | -2.6629 | -3.3989 | 0.0785

SV=stochastic volatility, OSV=no SV, OEW=(14), EW=(15), D=data, S=Simulation, BIN=
Binomial (OSV)

TABLE 4. Threshold and correlation estimates for different models

In study 1, we obtain a quite good fit of Ilvt—l’; A Dily,» see Figure 6. The
tendency of h is fitted well, but a bit too smooth (very stable for variant 1),
see Figures 8(b) and 9. In view of the fact that we fit in “second order”, i.e.
the variance, this is a quite good result. D, p are recovered pretty sound as
well as 0. ¢ is a bit too high because h is too smooth, see Figure 4.

In study 2, we again observe a quite good fit of ]l\/é;:t A~ Pily,- Means (over
iterations) of h; oscillates closely around zero, hence the densities of h; are
approximately centered around 0. o = 0.21 for several simulations. Note,
o cannot be zero because our prior does not contain 0! ¢ fluctuates around
zero, but quite unstable, the variance is quite high. For our analysis this
does not really matter. Important is that h is close to zero and fits well.
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AVA-SVOEW | CCC B BB | BBB A P)
mean 20.5863 | -1.5324 | -2.1801 | -2.6512 | -3.3829 | 0.0844
median ~0.5862 | -1.5327 | -2.1790 | -2.6512 | -3.3803 | 0.0817
std 0.0539 | 0.0580 | 0.0680 | 0.0780 | 0.1110 | 0.0233
min ~0.7860 | -1.7757 | -2.4737 | -3.0641 | -4.1438 | 0.0252
max 0.5016 | 0.5012 | 0.5000 | 0.5000 | -1.2937 | 0.3759
autocov 0.0029 | 0.0034 | 0.0046 | 0.0061 | 0.0123 | 0.0005
mode ~0.5744 | -1.5812 | -2.2235 | -2.6144 | -3.3362 | 0.0738

25% quantile | -0.6867 | -1.6320 | -2.3023 | -2.7902 | -3.6000 | 0.0469
75% quantile |-0.4867 | -1.4336 | -2.0600 | -2.5140 | -3.1774 | 0.1355
p=®(D):
75% quantile | 0.3132 | 0.0758 | 0.0197 | 0.0060 | 0.0007
75%q of mj; 0.3263 | 0.0735 | 0.0134 | 0.0038 | 0.0009

TABLE 5. Results S&P Default Study (AVA-SVOEW)

In study 3, the fit of ]l\}—]’; A iy, and parameters are quite well, see
Figure 5 and 7. Of course worse than in 1. and 2., because it cannot be
expected that the considered loss rates actually follow a one factor model.
Remarkable: h and ¢ behave similar as in 2.! ¢ ~ 0.21, means of h are all
very close to zero suggesting a constant variance of y over time, see Figure
4, 10, and 11. We therefore suggest a constant asset correlation:

pilhy i= Corr(X; | hy, Xju|he) = (pe™ + (1 — p)) " Le™p ~ p.

Further graphs are given in the end of the chapter. Figure 12 shows the
obtained world index plotted against an appropriately standardized Dow
Jones (yearly log returns times 100) and the common factor y. Finally note,
¢ maps into (—1,1), often it is useful to transform values of ¢ by means
of a Fisher’s Z transform (tanh~'(¢)). In particular, this is done when the
parameter is close to the boundary. In our case, we detect no significant
difference.

2.4. Sensitivity Analysis. When modeling stochastic volatility, the Bino-
mial approach is quite unstable to initial values, the one to one test fails,
i.e. parameters are barely recovered. Whereas in AVA-SVOEW, after a very
small burn in, a difference between two chains cannot be detected, see Table
4. This also holds if very extreme initial values are taken, see Figure 8. Vari-
ant 2 (SVEW) shows a very small deviation of chains, see Figure 9 (in all
studies initial values are chosen very different). This fact is again negligible
when comparing with the difference obtained by the Binomial algorithm see
Figure 3.

Clearly, on the one hand AVA takes longer than the Binomial algorithm
because X has to be sampled. On the other hand, efficiency is gained by
not applying ARMS in every step. Convergence is approached much faster.
Finally, in AVA-SVOEW almost every iteration can be taken into account
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for our parameter analysis whereas in the Binomial approach, reasonable
would be to take at least every 100 element of the sampled Markov chains
as the autocorrelation is high.

One can now claim that SVOEW mixes up model and prior information
of y (in the derivation of the full conditionals y is not assumed to be purely
prior). As in classical statistics, this produces no major problem as long as
y is actually normal. If that is not the case, SVEW is more appropriate and
furthermore an adjustment when sampling D has to be made. This appre-
hension is fortunately not confirmed. A fit of the data shows no difference
between obtained parameters of both algorithms, see Table 4. Furthermore,
we can question, if we actually make a big mistake when y has fatter tails
e.g. if y is t-distributed. We perform a simulation study, where y is simu-
lated as a t-distributed random variable with d.f. equal to 3. In fact, SVEW
recovers peaks of y better than SVOEW. However, SVOEW still performs
very well. In particular, when comparing with the Binomial approach, see
Figure 3. In a Binomial approach it is easy to replace the normal prior by a
t-prior. But still a t-prior brought no improvement. y is not fitted in more
complex models!

t-distributed common factor vs. Estimation (normal prior)

5
—&— Simulated data ‘ ‘

— - — OSVOEW
4| — ¥ — OSVEW N T
—#—BIN chain 1 |
—©— BIN chain 2

common factor
P~
T

0 5 10 15 20 25
time

FiGURE 3. t-distributed common factor, but normal prior

Finally, note McNeil and Wendin (2006) /Wendin (2006) uses a logit model
instead of probit model. Furthermore, the model is slightly different, p is
not directly sampled. Our studies cannot be fully compared to the one in
(Wendin, 2006).

2.5. Multi Factor Model. Last but not least, we sketch how to extend the
one factor model to a model which can handle a whole correlation matrix,
e.g. caused by different industries or regions. We assume that the multi
factor stochastic volatility model introduced in Chib et al. (2006) is a model
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for our asset value process. The difference is that the asset value process is
not observable. We can apply the same trick as in the one dimensional case:

2.5.1. Model. We assume that the (return) asset value process of firm j in
group ¢ has the following form:

5 1
Xjt = Bgft + Kgudgt + Ay g€t (18)

where €; ¢ g N(0,1). By fi drives stochastic correlation and o, stochas-
tic volatility, both driven by a (dimf + #groups)-dimensional process h,
)\j_tl/zej,t ~ L) IN(gytqut model shocks to the groups. For an exact defini-
tion see Chib et al. (2006).

With e, ; = ntg_% LS9 e ~ N(0,1) a group index can be determined

Ntg J
by

. _1

Xg,t = Bgft + Kgﬂquﬂ: + ntg%)\gtz 6g,t€g,t‘ (19)
(18) is exactly the model given in Chib et al. (2006). So sampling could
be performed if X;; were known. The trick is again to sample X,; as in a
probit model, thresholds as in the one factor stochastic vola model:

2.5.2. Multi Factor Models: Full Algorithm.

(1) Set starting value of Yé?ﬁ, g=1,... #groups, fort =1,...,n,

set 7 = 1, set maximum number of iteration I
(2) Sample B, ft(i), f(t(i),qt(i), hgi), /\gi) using Y(i_l), N via Gibbs Sam-
pling described in Chib et al. (2006).
(3) Sample D,(;),k =1,..., K given B(“,ft(i), Nt(i),qy),)\gi),N
(4) Generate YE") from B@, ft(i), f(t(i), qgi), hgi), )\gi), D,gi), N,lfort=1,...n
(5) set i =i+ 1, if i < I go to step (2)
In 3, one derives full conditionals given f, i.e. f is purely prior analogously
to AVA-SVEW. Independently on f, one would have to form g x d¢-groups,
where dy is the dimension of f.

3. Risk FIGURES

In this section, we want to examine risk figures obtained from our Markov
Chain Monte Carlo method. We stick to real world default time series and
analyze one year expected loss of a CDO tranche. As mentioned before
the obtained expected loss therefore does not directly drive the price of the
CDO. CDO tranches are compared to the corresponding numbers obtained
from our moment estimators in Niethammer and Overbeck (2008). Both
estimation techniques are different. The classical moment estimation al-
ready assumes that an infinite number of firms is considered, whereas in the
Bayesian approach this assumption is not made. Further, in our MCMC ap-
proach we estimate a single p only. In contrary, moment estimators produce
a different pg for every rating class and any interconnection between the
rating classes is missing. Furthermore, in the classical procedure intervals of
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the risk figures are determined asymptotically. In the Bayesian approach, we
have I values of Dy and p, where [ is the number of considered iterations
(potentially subtracted by a burn in and an autocorrelation adjustment).
We plug them into the risk figures and obtain a distribution of the risk
figure without any asymptotic theory, see Table 6/7/8. It is therefore not
surprising that we have already examined differences in the parameters es-
timates for different estimation techniques. This fact is naturally carried
forward to the risk figures. In view of the quite small data basis results are
not so far away.

P[RR [ Bl [0 [ [ BL [i°
cCcC 14 | 29 | 0.3335 | 0.4888 | 0.6441 | 0.5382 | 0.6556 | 0.7816
B 3 6 | 0.3534 | 0.5156 | 0.6777 | 0.3934 | 0.5555 | 0.7066
BB 0 3 10.2445 | 0.3608 | 0.4772 | 0.3197 |0.4149 | 0.5311
BBB 0 3 1 0.0514 | 0.0889 | 0.1264 | 0.0819 | 0.1275 | 0.1793
A 0 3 1 0.0041 | 0.0131 | 0.0221 | 0.0059 | 0.0124 | 0.0209
TABLE 6. Expected loss K1%-K2 tranche%
ELg;f aglg;jic E [ classic bgl;zgfy’gc aévg%MC ELMC]\/[C bé\g%‘%C
CcCC 0.9194 0.9757 1.0000 0.9251 0.9894 1.000
B 0.3534 0.5156 0.6778 0.3934 0.5555 0.7066
BB 0 0.0247 0.0500 0.0118 0.05777 0.1204
BBB | 8.30E-05 | 1.105E-04 | 1.38E-04 | 2.21E-04 | 3.09E-03 | 1.69E-02
A 5.39E-08 | 5.75E-08 | 6.11E-08 | 2.43E-09 | 5.25E-05 | 3.36E-04

TABLE 7. Expected loss 3%-6% tranche classical vs. SVOEW

A
CCC 0.9822 0.9981 1.0000
B 0.6955 0.8843 0.9638
BB 0.3197 0.4149 0.5311
BBB 0.0819 0.1275 0.1793
A 0.0059 0.0124 0.0209

TABLE 8. Expected loss 0%-3% tranche

Table 6 shows tranches more appropriate to the loss profile of the rat-
ing classes. Attachment and detachment point are mapped to the default
probability of the rating class as in the classical approach via a moneyness
mapping. The CCC tranche is mapped to the same moneyness as the B
tranche, but with default probabilities of the classical approach to guarantee
comparability. Tranche sizes in Table 6 are though adjusted to the default
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LI | K1 K2 [ W — gt by, — aniy, [ bhISHC — alIGTC
CcCC 14 | 29 0.3116 0.4299 0.2434
B 3 6 0.3244 0.4553 0.3132
BB 0 3 0.2326 0.2857 0.2114
BBB 0 3 0.0750 0.1122 0.0974
A 0 3 0.0180 0.0225 0.0150

TABLE 9. Expected loss K1%-K2 tranche%: comparison of
quantile range

probability. A default event of the considered tranche has got a reasonable
probability. The length of the confidence intervals are quite similar for both
approaches, see Table 9. Confidence intervals of our MCMC method (also
assuming iid common factor) are closer to confidence intervals not includ-
ing a time dependence a®®*s_ If an adjustment of the tranche size is not
made, probabilities of hitting a tranche become quite small and almost hit
the boundary zero. Estimation of the confidence intervals in the classical
approach is not accurate enough. Confidence intervals of the moment esti-
mator are very small for good ratings or when the hitting probability of a
tranche is small (see Table 7 and 8), too small as we have seen in Nietham-
mer and Overbeck (2008). This is confirmed here, the distribution of our
parameters and risk figures from our Bayesian analysis show much wider
and realistic confidence intervals in these cases. Furthermore, confidence
intervals are not necessarily symmetric, not least because loss distributions
are usually not symmetric. So it is not probable that estimation errors are
carried forward symmetrically. Finally if p is sampled for every rating class
separately, confidence intervals of moment estimations for p are a lot smaller
for good ratings! The Bayesian confidence intervals can be seen as a quite
good benchmark for our moment estimation as it is neither assumed that we
have large number of companies nor that the number of time periods goes
to infinity. Hence, our findings in Niethammer and Overbeck (2008) can be
regarded as confirmed.

4. CONCLUDING REMARKS

Bayesian statistics possesses many valuable properties. We can nicely
treat rare data as uncertainty is always taken into account in the distribution
of the parameter. Parameter confidence intervals are given automatically.
Since the establishment of Markov chain Monte Carlo methods (MCMC)
and fast computing possibilities Bayesian analysis provides a method to
flexibly solve all kinds of problems in statistics. The paper is therefore
devoted to Bayesian analysis and among that we dealt with its relationship
to classical statistics. We start comparing different approaches to estimate
the main parameters in a Gaussian factor model based on S&P default
study (2006) providing loss rates in five rating classes. Bayesian concepts
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are introduced to smartly solve numerical integration problems caused by
the ML-estimator. Moreover, it offers a flexible methodology to handle
complex models as e.g. replacing the Gaussian by a general distribution.
Strong methods to perform a thorough correlation study are given.

In our first correlation study, we find no evidence for two stages of corre-
lation depending on the performance of our economy (random factor load-
ing). Estimation is performed applying a Binomial type approach proposed
by McNeil and Wendin (2006)/Wendin (2006)/Gossl (2005). Unfortunately,
the algorithm gets unstable for a stochastic volatility model on the common
factor. This problem is addressed by a new asset value algorithm, which
reduces autocorrelations in the Markov chains enormously. In addition, it
delivers an asset value index for every rating class. But again, time de-
pendence in a stochastic volatility model cannot be detected. Further, we
suggest a multi factor model to account for industry and country specifica-
tion.

Finally, we take MCMC estimates and its confidence intervals as a bench-
mark to judge the asymptotic confidence intervals derived in Niethammer
and Overbeck (2008). In view of a slightly different model specification our
comparison of risk figures in classical and Bayesian statistics shows that an
asymptotic analysis is not that bad as long as default and hitting probabil-
ities of a tranche are not too close to 0 or 1.

All over one should have in mind, that we are working on a data set
of loss rates. This data set is quite small in terms of observed periods.
Further, assertions from equity data or additional financial statement infor-
mation on the individual firms can look quite different, see e.g. Buraschi et
al. (2006); Das et al. (2005). Except from (Das et al. , 2005), all authors
directly consider equity data and correlations between the time series. Das
et al. (2005) build their analysis on estimated individual firms’ probabilities
of default (henceforth EPDs) provided by Moody’s Investors Services. Such
EPDs are derived from a distance to default measure as described in Merton
(1974) and so also from equity data. Some additional financial information
is also included. A descriptive analysis is performed grouped in industry
sectors or rating buckets. Data are on a monthly basis (1/87-10/00), but
grouped in four periods of about three years. Significantly different corre-
lations between EPDs within the periods are detected in their descriptive
analysis as well as in a regime switching model (a test for equal correlations
in different regimes in a hidden Markov chain type model is rejected). This
is not surprising as these EPDs are driven by equity time series. Historical
loss rates are not included. Moreover, observations are taken on a monthly
basis. We conclude that the model, the actual data source, and time in-
tervals play a major role when interpreting results on correlations. This
does not change the observation that applying estimation methods to the
natural default data source - yearly loss rates - show no evidence of time
dependence of the correlation in several model variants of the Gaussian one
factor model. In particular, there is no support for a random factor loading
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from historical loss rates. Nevertheless one should note that in our study
we exclusively work on an historical data set. An assessment of the market
is not included. Market data as credit spreads or tranche spreads are not
considered. So when pricing products, a calibration to market data is more
important than an actually historical evidence for a model. A random factor
loading (two stage correlation model) can be still applicable.
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Simulated and estimated Y (SVOEW)
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Dow Jones vs. Estimated Asset Value Process (SVOEW)
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